abstract For a finite group G, we consider the zeta function
where H runs over the subgroups of G. We give examples of certain abelian p-group G and non-abelian p-group G ′ of order p m , m ≥ 3 for odd p (resp. 2 m , m ≥ 4) for which ζ G (s) = ζ G ′ (s). Hence we see there are many non-abelian groups whose zeta functions have symmetry and Euler product like the case of abelian groups. On the other hand, we show that ζ G (s) determines the isomorphism class of G within abelian groups, by estimating the number of subgroups of abelian p-groups. §0
Let us consider zeta functions associated to finite groups by enumerating their subgroups. For a group G, one may consider the following zeta functions if they convergent in some region
where s ∈ C and a n (G) (resp. a * n (G)) is the number of subgroups of order n (resp. index n ) in G. If G = Z, ζ * G (s) is nothing but the Riemann zeta function, and this is an example of Solomon's zeta functions for lattices. It seems to be natural to consider ζ * G (s) in general and there are many studies in that direction. In this paper we concentrate on finite groups and study ζ G (s). There is no essential difference between two zeta functions, since there is a simple relation In the following we consider only finite groups. It is natural to ask
[A] whether ζ G (s) determines the isomorphism class of G or not,
[B] whether the symmetry (0.3) is essential for abelian groups or not.
In §1, we will construct examples of abelian groups and non-abelian groups that have the same zeta functions, which shows the questions [A] and [B] are negative in general. On the other hand, we will show the question [A] is affirmative within abelian groups in §2.
For abelian groups, the problem [A] reduces to enumerate subgroups of abelian p-groups and combinatorial studies, and there is a close relation to automorphic forms and local densities of matrices (cf. Remark 2.8).
§1
The zeta function ζ G (s) is a polynomial with non-negative integral coefficients of p −s with various p, where and henceforth we denote by p a primes number. We start with an easy observation.
The fact only 1 appears as coefficients of ζ G (s) is equivalent to that G is cyclic.
Proof. The statements (1) and (3) are clear. Under the assumption of (2), any subgroup of G × G ′ is written uniquely as a direct product of the form H × H ′ for some subgroups H of G and
We say ζ G (s) has an Euler product if it can be decomposed as
(1.1)
Then we have Proposition 1.2 ζ G (s) has an Euler product if and only if G is a nilpotent group, i.e. G is a direct product of its Sylow p-subgroups. The Euler product (1.1) is uniquely determined under the condition f p (0) = 1 for any p dividing |G|.
Proof. Assume ζ G (s) has an Euler product of the shape (1.1). Since p f p (0) = 1(= a 1 (G)), we may assume the constant term of f p (X) is equal to 1 for any prime divisor p of |G|. For such a p, the coefficient of X m in f p (X) must coincide with a p m (G), hence it is a non-negative integer. Denote by c p the leading coefficient of f p (X). Then p||G| c p = 1 yields c p = 1 for any p, which means there is only one normal Sylow p-subgrop in G for each p and G is nilpotent. The the converse and uniqueness of the Euler product and are clear.
By the above proof, we see that the decomposition (1.1) is unique if one takes the constant terms of the Euler factors as 1 and actually given by polynomials with non-negative integral coefficients.
Here we give an example which does not have an Euler product. Take an odd integer n(≥ 3) and consider the dihedral group of order 2n
where
We construct some p-groups which are counter examples for the problems [A] and [B] . We denote by C n the cyclic group of order n. For an odd prime p and a natural number m, we set a group G p (m) of order p m+2 by
As is easy to see any nontrivial extension of C p by C p m+1 is isomorphic to G p (m).
Proposition 1.3 Let p be an odd prime.
(1) For any natural number m, the non-abelian group G p (m) and the abelian group C p m+1 × C p have the same zeta function, and it satisfies the symmetry (0.3).
(2) The p-groups of order less than or equal to p 2 are determined by zeta functions.
Proof.
(1) It is easy to check the following identity in G p (m): 
These situation is the same for the group C p m+1 ×C p , and we see a n (G p (m)) = a n (C p m+1 × C p ) for any n, hence they have the same zeta function. The symmetry (0.3) holds for the abelian group
The statement (2) is clear, since any p-group of order less than or equal to p 2 is isomorphic to C p , C p 2 or C p × C p , and
Next we give examples of 2-groups. For a natural number m, we set a group G m of order 2 m+3 by
Proposition 1.4 (1) For any natural number m, the non-abelian group G m and the abelian group C 2 m+1 ×C 4 have the same zeta function, and it satisfies the symmetry (0.3).
(2) The 2-groups of order less than or equal to 8 are determined by zeta functions.
(1) There are precisely 4 subgroups isomorphic to C 2 m+1 ; σ , στ 2 , στ and στ 3 . Each of them is contained in only one subgroup of order 2 m+2 , where the first two subgroups are contained in σ, τ while the latter two in στ, τ 2 . These 6 groups are all the proper subgroups which have an element of order 2 m+1 , and this situation is the same for the group C 2 m+1 × C 4 . The remaining subgroups are contained in σ 2 , τ ∼ = C 2 m × C 4 . Thus a n (G(m)) = a n (C 2 m+1 × C 4 ) for any n, which yields the coincidence of zeta functions for G(m) and C 2 m+1 × C 4 .
(2) It is clear for the group G of order 2 or 4 ((1.4) is valid also for p = 2). Any group of order 8 is isomorphic to one of the following groups
and each zeta function is given as follows:
For a natural number and a prime p, we denote by v p (n) the maximal exponent of p dividing n. By Proposition 1.2, Proposition 1.3 and Proposition 1.4, we obtain the next theorem, which gives a negative answer for the problems [A] and [B] . We note here that D 4 and Q are not abelian and their zeta functions are not symmetric.
Theorem 1.5 (1) For a natural number n such that v p (n) ≥ 3 for some odd prime p or v 2 (n) ≥ 4, there exist an abelian group and non-abelian nilpotent groups of order n which have the same zeta function.
(2) For a natural number n such that v p (n) ≤ 2 for any odd prime p and v 2 (n) ≤ 3, any nilpotent group G of order n is determined up to isomorphism by its zeta function ζ G (s), and it satisfies the symmetry (0.3) if and only if G is abelian. §2
In this section we enumerate the number of subgroups for abelian p-groups.
It is well-known that every finite abelian p-group is isomorphic to one of G λ of the following type:
Hereafter we write ζ λ (s) instead of ζ G λ (s). We denote by N k (λ) the number of subgroups of G λ of order
The following is clear for λ ∈ Λ + n :
where (2.6) is a restatement of the duality of abelian groups (cf. (0.3)). Moreover, it is known that N k (λ) is a polynomial in p with integral coefficient and unimodal, i.e., N k (λ) − N k−1 (λ) is a polynomial in p with nonnegative coefficients for 1 ≤ k ≤ |λ| /2 (cf. [Bu1] , Remark 2.7).
We prepare some notations. Let λ ∈ Λ + n . Define
in particular
and we divide the interval [0, |λ|] into (2n−1) small intervals J ℓ (λ) as follows.
We also define
where we understand a n−1 (λ) = 0.
and we set λ ′ = λ (1) for simplicity. It is easy to see
For a polynomial g(t) in t, we denote by hterm(g(t)), hdeg(g(t)) and htermcoeff(g(t)) its highest term, highest degree and highest coefficient in t, in order. We recall N k (λ) can be regarded as a polynomial of p, and set
Here C(n, λ; k) = 1 if n ≤ 2, and in general
Further, for each ℓ ≥ 0, C(n, λ; k), k ∈ J ℓ (λ) is unimodal and symmetric with respect to λ (ℓ) /2 and C(n, λ; c ℓ (λ)) = 1. In particular,
Remark 2.2 We see the leading coefficients of smaller sizes appear repeatedly like a fractale, since C(n, λ; k) = C(n − ℓ, λ (ℓ) ; k) for k ∈ J ℓ (λ) with ℓ ≥ 1. The new coefficients appear for k ∈ J 0 (λ). It may happen J ℓ (λ) = {c ℓ (λ)}, but c ℓ (λ) > c ℓ+2 (λ) for any ℓ, −n ≤ ℓ ≤ n−2. We give some examples of C(n, λ; k) for k ∈ J 0 (λ):
The following lemma follows from a result of Stehling( [St] ) and plays a key role for the proof of Theorem 2.1.
Lemma 2.3 For any
where the second summation appears only when k > λ 1 .
where µ * ∈ Λ + n defined by µ * i = µ i − 1 and µ * j = µ j except j = i, and
Then, since λ * = λ and λ ∨ = λ ′ , one has by (2.17)
By the duality (2.6), and again by (2.17),
Summing up RHD's of (2.18) and (2.19) from j = 1 to k, one has (the terms
hence (setting i = |λ| + 1 − j in the LHS of the above), we have
where the second summation appears only when |λ|+1−k ≤ |λ ′ |, i.e. k > λ 1 .
For r ∈ Λ + 1 , since G r is a cyclic group of order p r , one has
Then, for µ ∈ Λ + 2 , one has by Lemma 2.3
(2.21)
We note the following useful relations :
Lemma 2.4 Assume n ≥ 3 and Theorem 2.1 is established for Λ + n−1 , and take any λ ∈ Λ + n . The highest degree hdeg(p i N i (λ ′ )) is strictly monotone increasing for 0 ≤ i ≤ ev λ , stable for i ∈ [ev λ , od λ − λ 1 + λ 2 ] with value a 0 (λ), and strictly monotone decreasing for i ≥ od λ − λ 1 + λ 2 .
Proof. We may use the result of Theorem 2.1 for
) is strictly monotone increasing and takes the highest value at c −1 (λ ′ ) = ev λ with value
by (2.23) and (2.25).
by (2.24), and
) is strictly monotone decreasing and takes the highest value at i = c −2 (λ ′ ) with value
by (2.24) and (2.25).
Proof of Theorem 2.1. We assume that the statement holds for n − 1, and take any λ ∈ Λ + n and fix it. We set
where (neg) k appears only when k > λ 1 . By Lemma 2.4, we see
Here we note that the condition (2.31) yields k > λ 1 and k > ev λ .
Hence, by (2.32) and (2.33), we have
Hence, independently whether k > λ 1 or not, we have for
Further, if k ∈ J ℓ (λ) with ℓ ≥ 2, then we see
Since N k (λ) = N |λ|−k (λ) and |λ| − k ≤ ev λ , the result follows from Case1. Thus, for some ℓ ≥ 1, k ∈ J −ℓ (λ) and |λ| − k ∈ J ℓ (λ), and
By (2.30) and (2.31), we have
We see hdeg((pos) k ) = hdeg((neg) k ) = a 0 (λ) and |λ| − k + 1 ≥ ev λ + 1, and the difference of the highest coefficients becomes
with respect to (|λ| − λ 1 + λ 2 )/2 and
we see (2.38) becomes
and hdeg(N k (λ)) = a 0 (λ) with coefficient (2.39).
By Case3 and Case 4, we obtain for k
As a corollary of Theorem 2.1, we obtain a result for zeta functions, where we don't need the information of the leading coefficients, that of the highest degrees is enough.
Theorem 2.5 The zeta function ζ λ (s) determines λ ∈ Λ + .
Proof. The zeta function ζ λ (s) determines |λ| and n for which λ ∈ Λ + n (cf. (2.5)). Take λ, µ ∈ Λ + n such that ζ λ (s) = ζ µ (s), then hdeg(N k (λ)) = hdeg(N k (µ)) at any k. Since the statement for n ≤ 2 is clear by (2.20) and (2.21), we consider the case n ≥ 3. Assume λ n < µ n . Taking k = λ n + 1, we have (n − 2)(λ n + 1) + λ n = (n − 1)(λ n + 1) by Theorem 2.1, which is a contradiction; thus λ n = µ n . In the same way, we obtain λ i = µ i from i = n − 1 to i = 1 in order. Thus λ = µ.
Since any finite abelian group is decomposed into the direct product of its Sylow p-subgroups, combining Theorem 2.5 and Proposition 1.2, we obtain the affirmative statement for the problem [A]:
Theorem 2.6 Within finite abelian groups, the zeta function ζ G (s) determines the isomorphism class of G.
Remark 2.7 The enumerating subgroups of finite abelian groups is a classical problem(cf. [Bu1] , [Bu2] ). The number g λ µν (p) of subgroups H of G λ such that H ∼ = G ν and G λ /H ∼ = G µ was studied by G. Hall in 1950's, and it is known to have integral coefficients as a polynomial in p. These numbers g λ µν (p) appear as coefficients of the product of Hall-Littlewood symmetric polynomials P λ (x; t), which can be considered as a system of orthogonal polynomials associated with the root system of type A n , and I. G. Macdonald have introduced and studied more general orthogonal polynomials associated with various root systems(cf. [Mac1] , [Mac2] ). The unimodality of N k (λ) is proved by L. M. Butler by using a result on Hall-Littlewood polynomials([Bu1]).
Remark 2.8 The zeta functions ζ λ (s) has a close relation to Eisenstein series of GL n and local densities of square matrices, which we explain after [Sa] . Let T ∈ M n (Z) of rank n and a prime p. Define b p (T ; s) and α p (I m , T ) are determined by the two-sided GL n (Z p )-coset containing T , which is represented by some D λ = Diag(p λ 1 , . . . , p λn ) with λ ∈ Λ + n = { λ ∈ Z n | λ 1 ≥ · · · ≥ λ n ≥ 0}. Then it is known (cf. [Sa, Theorem 2], also [BB] )
Here λ can be regarded in Λ + = ∪ n Λ + n unless λ = (0, . . . , 0), which corresponds to the trivial group {e} and ζ {e} (s) = 1. By Theorem 2.5, we see b p (D λ , s) is different for each λ ∈ Λ + n .
